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Abstract:
In this personal overview talk I will introduce some applications of stochastic differential 
equations I have used, introduced, and improved, in my research in the last 15 years. It 
started in Brisbane, Australia, where I implemented (suggested by my supervisor) the first 
calculation for many-particle quantum dynamics with the so called Gaussian Phase-Space 
Representation (GPSR) [1,2].
Then I had a (2.nd) postdoc in Copenhagen, Denmark, actually during my first postdoc 
there I met Fatkhulla Abdullaev in Copenhagen in 2011! But during this second postdoc I 
was confronted with diffusion problems in classical physics where the computational 
domain where large and complicated 3D porous media from STM images of rock-samples 
(funded by the oil industry…). I then realized that I could apply some of the methods I had 
used in the quantum problem, while some techniques on boundary conditions needed to 
be developed [3,4]. During more recent years, after coming back more to research after 
heavy teaching duties, I have returned to those kinds of problems in Örebro, Sweden, 
where both Fatkhulla and Jasur Yuldashev have been. The new research has especially 
been along the following three avenues: 1) The classical Stefan problem for heat 
conduction with a moving ice-/water-interface [5,6]; 2) Implementing fermionic-
Truncated-Wigner-Approximation (fTWA), with postdoc Francois Rousse [7], interrupted 
by covid [8]; 3) Attacking the fundamental problem with GPSR, to extend its applicability 
to more problems in quantum dynamics, by introducing so called matrix-equation-based 
diffusion gauges [9].
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Articles Quantum problems:
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Why did I start with this Quantum research…
Background:
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Why did I start with this Classical research…
Given a task (from funder!):
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Understand properties of large rocks from small samples…

Data from synchrotron radiation facilities.
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Moving boundaries….
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Nuclear Magnetic Resonance
NMR important tool in modern technology. 
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After simplifications of Bloch’s equations 

for NMR dynamics, we are left with a 

reaction-diffusion equation 

with  Robin boundary conditions
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We integrate out the spatial degrees

to obtain a time-dependent total magnetization 

For uniform initial conditions, Gauss’ theorem 
can provide the short time asymptote 
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In many applications the domain 
can be problematic… 



Try a random approach!





3a) We have derived (first order) relation between 
parameters in PDE model and the RWM:

3b) We have constructed (first order) local boundary 
conditions that can be calculated “on the fly”:

Above illustrated in 2D, generalized to any dimension.
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In 2D the effects of ‘digitalization’ is easy 
to illustrate and quantify:
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Comparative FEM simulations in 2D.
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Comparison with analytic formulae: Ball
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Comparison with analytic formulae: Cube



Simulations on 3D tomography images
of chalk with a size in the order of 
103×103×103 voxels and resolution 10 nm
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Electric currents….
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Electric currents….
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Electric currents….

2024-03-15 26



Electric currents….
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Electric currents….

2024-03-15 28



The Stefan problem



The heat equation

Consider the problem of determining the temperature 
profile in a 1D uniform rod of length L.
This is solved by the equation

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛼𝛼
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

, 0 < 𝑥𝑥 < 𝐿𝐿

Together with appropriate boundary conditions.

L



The one-phase Stefan problem

Now consider a 1D rod of ice with an imposed 
temperature at one end. As the ice melts, water is 
formed and a moving boundary s(t) between water and 
ice is created.
This is the Stefan Problem.

L

s(t)



The one-phase Stefan problem

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛼𝛼𝐿𝐿
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

 
0 < 𝑥𝑥 < 𝑠𝑠 𝑡𝑡 , 𝑡𝑡 > 0

𝑇𝑇 0, 𝑡𝑡 = 𝑓𝑓(𝑡𝑡) 𝑡𝑡 > 0

𝑇𝑇 𝑥𝑥, 0 = 0

𝑙𝑙𝑙𝑙
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −𝑘𝑘𝐿𝐿 �

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑥𝑥=𝑠𝑠(𝑡𝑡)

𝑡𝑡 > 0

𝑠𝑠 0 = 0 𝑡𝑡 > 0

𝑇𝑇 𝑠𝑠 𝑡𝑡 = 𝑇𝑇𝑀𝑀 = 0 °C



The one-phase Stefan problem

In some cases, analytic solutions exist.
With 𝑓𝑓 𝑡𝑡 = 𝑇𝑇0 > 0 °𝐶𝐶, the solution is

𝑇𝑇(𝑥𝑥, 𝑡𝑡) = 𝑇𝑇0(1 −
erf(𝑥𝑥/(2 𝛼𝛼𝐿𝐿𝑡𝑡))

erf(𝜆𝜆)
) 

𝑠𝑠 𝑡𝑡 = 2𝜆𝜆 𝛼𝛼𝐿𝐿𝑡𝑡
𝑐𝑐𝐿𝐿
𝑙𝑙

𝜋𝜋𝜆𝜆𝑒𝑒𝜆𝜆2 erf 𝜆𝜆 = 𝑇𝑇0



The one-phase Stefan problem

In general, analytic solutions may not exist.
How to model numerically?
Distribute walkers throughout the length, such that 
𝑇𝑇 𝑥𝑥, 𝑡𝑡 ∝ 𝑛𝑛 𝑥𝑥, 𝑡𝑡

Each time step, a walker randomly moves one step left 
or right.

A walker that reaches the boundary 𝑠𝑠(𝑡𝑡) is absorbed and 
the boundary moved.



The one-phase Stefan problem

N walkers raise the temperature by 
1°C.
One walker then carries the heat

𝑄𝑄 =
𝑆𝑆Δ𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥

𝑁𝑁

Moving the boundary requires the 
heat

𝑄𝑄 = 𝑆𝑆Δ𝑠𝑠𝑠𝑠𝑠𝑠
Δ𝑠𝑠 =

𝑐𝑐
𝑙𝑙𝑙𝑙 Δ𝑥𝑥



Comparison 
between known 
analytical 
solution and 
RWM solution



Results using observed air temperatures as 
BC.
Note: Negative temperatures in water?



The two-phase Stefan problem

So far, we’ve only looked at the water temperature.
No clue as to what’s going on in the ice (Assumed T = 0 

°C)
No possibility of forming ice if 𝑓𝑓 𝑡𝑡 < 0

Need to generalize for two, or more, phases.



The two-phase Stefan problem

𝜕𝜕𝑢𝑢𝐿𝐿
𝜕𝜕𝜕𝜕

= 𝛼𝛼𝐿𝐿
𝜕𝜕2𝑢𝑢𝐿𝐿
𝜕𝜕𝑥𝑥2  

0 < 𝑥𝑥 < 𝑠𝑠 𝑡𝑡 , 𝑡𝑡 > 0

𝜕𝜕𝑢𝑢𝑆𝑆
𝜕𝜕𝜕𝜕

= 𝛼𝛼𝑆𝑆
𝜕𝜕2𝑢𝑢𝑆𝑆
𝜕𝜕𝑥𝑥2  

s(𝑡𝑡) < 𝑥𝑥, 𝑡𝑡 > 0

𝑢𝑢𝐿𝐿 0, 𝑡𝑡 = 𝑇𝑇𝐿𝐿 𝑡𝑡 > 0

𝑢𝑢𝑆𝑆 𝑥𝑥, 0 = 𝑇𝑇𝑆𝑆(𝑥𝑥) 0 < 𝑥𝑥

𝑙𝑙𝑙𝑙
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −𝑘𝑘𝐿𝐿 �

𝜕𝜕𝑢𝑢𝐿𝐿
𝜕𝜕𝜕𝜕 𝑥𝑥=𝑠𝑠 𝑡𝑡 −

+ 𝑘𝑘𝐿𝐿 �
𝜕𝜕𝑢𝑢𝑠𝑠
𝜕𝜕𝜕𝜕 𝑥𝑥=𝑠𝑠 𝑡𝑡 +

𝑡𝑡 > 0

𝑠𝑠 0 = 0 𝑡𝑡 > 0

𝑢𝑢𝐿𝐿 𝑠𝑠 𝑡𝑡 −, 𝑡𝑡 = 𝑢𝑢𝑆𝑆 𝑠𝑠 𝑡𝑡 +, 𝑡𝑡 = 𝑇𝑇𝑀𝑀 = 0 °C



The two-phase Stefan problem

Analytic solutions exist for the two-phase problems as 
well.

𝑢𝑢𝐿𝐿(𝑥𝑥, 𝑡𝑡) = 𝑇𝑇𝐿𝐿(1 −
erf(𝑥𝑥/(2 𝛼𝛼𝐿𝐿𝑡𝑡))

erf(𝜆𝜆)
) 

𝑢𝑢𝑆𝑆(𝑥𝑥, 𝑡𝑡) = 𝑇𝑇𝑆𝑆(1 −
erfc(𝑥𝑥/(2 𝛼𝛼𝑆𝑆𝑡𝑡))

erfc(𝜈𝜈𝜆𝜆)
)

𝑠𝑠 𝑡𝑡 = 2𝜆𝜆 𝛼𝛼𝐿𝐿𝑡𝑡
𝜋𝜋𝜆𝜆 = 𝑆𝑆𝑆𝑆𝑒𝑒𝐿𝐿

exp(𝜆𝜆2)erf(𝜆𝜆)
+ 𝑆𝑆𝑆𝑆𝑒𝑒𝑆𝑆

𝜈𝜈exp(𝜈𝜈2𝜆𝜆2)erfc(𝜈𝜈𝜈𝜈)
, 𝑆𝑆𝑆𝑆𝑒𝑒𝐿𝐿 = 𝑐𝑐𝐿𝐿 𝑇𝑇𝐿𝐿−𝑇𝑇𝑀𝑀

𝑙𝑙
, 𝑆𝑆𝑆𝑆𝑒𝑒𝑆𝑆 = 𝑐𝑐𝑠𝑠 𝑇𝑇𝑀𝑀−𝑇𝑇𝑆𝑆

𝑙𝑙
, 𝜈𝜈 =

𝛼𝛼𝐿𝐿/𝛼𝛼𝑆𝑆









Possible extensions

Account for different densities of water and ice.
Consider multiple (variable number of) boundaries



Non-equal densities, non-constant 
initial temperature



Three domains



The Stefan problem





The Stefan problem



The Stefan problem
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The Stefan problem



Toy model, two bosonic modes [PRA 64, 025801 (2001)]



Toy model, two bosonic modes [PRA 64, 025801 (2001)]











The Stefan problem



Thank you!
 Questions?
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