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Specific examples from the use of the

Gaussian phase-space method for fermions.
Mainly from the modeling of dissociation of molecular 
Bose-Einstein condensates (MBEC) into pair-
correlated fermionic atoms, also the Hubbard model:

I   Briefly explain the underlying physical problem, 
report on numerical results, and the comparison 
with other methods of quantum dynamics.

II  How can we improve the performance, and 
benchmark the accuracy of the method for such 
large system such that we cannot compare with 
independent methods.

Outline of  the presentation:



What is the problem I ?
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Fermi-Bose model (e.g. molecule --> atoms reaction)

Fermi-Bose model (simplified to a uniform molecular field)



Friedberg R and Lee T D 1989 Phys. Rev. B 40 6745

Poulsen U V and Mølmer K 2001 Phys. Rev. A 63 023604

Nuclear physics?



Does the simplest mean-field description work here?

* Gross-Pitaevskii type equations for molecular 
dissociation into bosonic atoms:



i) Conceptual:
Molecular dissociation as a fermionic analog of optical 
parametric down-conversion, a good candidate for 
developing the paradigm of fermionic quantum atom optics.

ii) Pragmatic:
Can we explain the experimentally observed
atom-atom correlations. 
(Molecules made up of fermions have longer lifetime.)
Development of computational tools for fermions.

Motivation to study dissociation into fermions:

dimers fermions



Pairing mean-field theory (PMFT)

Factorization of expectation values gives c-number equations.

Here for a uniform system:



Pairing mean-field theory

* Note: Becomes linear if the molecules are undepleted (UMF).
* Note: The “1:s” are instrumental in initiating dissociation-

dynamics, compare to ‘GPE’ mean-field equations.



Pairing mean-field theory

Takes into account the depletion of the bosonic field. 
This is needed when the number of molecules are small 
compared to the available atomic modes.
For a uniform field:



Observations from the field of ultra-cold atoms:

T. Jeltes et al., Nature
445 (2007) 402.

See also: M. Henny
et al., Science 284, 
296 (1999). For 
‘anti-bunching of 
electrons’ in a solid 
state device.
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Heisenberg equation (UMF)
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(b) Collinear (CL) correlations 
due to particle statistics, (like 
Hanbury Brown and Twiss for 
photons).

We have derived an analytical 
asymptote (dashed lines), strictly 
valid for short times (t/t0<<1).
But useful even for t/t0~1 as here. 
Solid lines are from a numerical 
calculation at t/t0=0.5.
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Gaussian Fermionic phase-space representation

Use fermionic phase-space mappings (recipe), e.g.:

To obtain a FPE, assumes fast decaying tails.

Transform to SDE 

Liouville eq. for the density operator.



Fermionic phase-space representation

Transform to Fourier space, assume a uniform field.

Transform to FPE Transform to SDE (compare PMFT)



Fermionic phase-space representation

ALL! observables available, though only few first order 
moments are propagated in time.



Numerical results for molecular dissociation

Comparison of atomic mode occupations



We compare with the “number-base expansion” (C.I.)

For few modes we can solve the full time-dependent 
Schrödinger equation (“in second quantization”)
for the mixed fermion-boson state.

Test system with M=10 modes, to compare with the 
phase-space method



What about “spikes”?



Numerical results for molecular dissociation

Comparison of atomic mode occupations

• Excellent agreement up to the spiking time.

• Deviations from mean-field results (PMFT).

• The limited simulation time is ‘enough’ here.

• Operator equality:

used to check sto-
chastic averages:



Numerical results for molecular dissociation

Comparison of correlation coefficients C and W

Quantify deviations from PMFT

Also quantify deviations from 
Wick’s theorem



Numerical results for molecular dissociation

Comparison of molecular correlations

Glauber 2.nd order

Molecule-atom correlation



Application to molecular dissociation: Large systems

Multimode simulations with M=1000 atomic modes, 
Hilbert space dimension

0 1 2 3
0

0.5

1

!=!25
!=!2.5

!=!2.5

"

N
("

)/
N

0

1.5 2 2.5 3 3.5
0

0.05

The phase-space method handle this on an old PC

• Deviations from PMFT
• Limited simulation time (enough for this application)



Application to molecular dissociation: Large systems

Multimode simulations with M=1000 atomic modes

The phase-space
method reveals
correlations
not available
within PMFT .

(However, PMFT 
performs well 
for atom 
numbers and 
densities.)



What about higher dimensions?

2D example with:
80.000 molecules and
1.000.000 atomic modes 



Fermionic phase-space representation

Exploring gauge freedoms to extend simulation time

As a first step we have
optimized a ‘complex
number’ diffusion gauge

… ? ! 

Extend simulation
time with >50%
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Fermionic phase-space representation

Examples of different realizations of the stochastic terms 

Note that if the stochastic terms are neglected we obtain PMFT! 



Fermionic phase-space representation

Stochastic implementation:

Conserved quantities:



Fermionic phase-space representation



Fermionic phase-space representation



What is the problem II ?
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General two-Body interaction (e.g. Coulomb)

Physicists playground (fermionic Hubbard model)

Rahav S and Mukamel S 2009 Phys. Rev. B 79 165103



Work in progress: Hubbard model
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Gaussian Phase-Space
representation

Numerical simulations of 
the SDEs

Correct results (--CI), limited simulation time!
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Summary of fermionic phase-space results

*  First dynamical multi-mode phase-space simulation
for fermionic atoms from dissociation successful!

* Large deviations from mean-field methods (PMFT) for        
some correlations. Justify PMFT for atom numbers and   
densities if the molecular depletion is small.

* Diffusion gauges change the numerical performance 
and can qualitatively change the behaviour of 
conserved quantities.



Thank you!


